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In a well-known paper Thompson [3] proved that if AG is a finite solvable 
group, G AAG and (]A ], ] G]) = 1 then h(G) < 5k’A’ . max{h(C,(A)), 1}, 
where h denotes the Fitting height and k denotes the composition length. 
This result was improved by Kurzweil [2], who proved that h(G) < 
h(C,(A)) + 4k(A). In the present paper we prove that h(G) < h(C,(A)) + 
2k(A), which is the best possible bound, see [2]. 
In a related development i has long been conjectured that if C,(A) = 1 
then the bound could be sharpened to h(G) < k(A). The conjecture is known 
to be true for A supersolvable provided Z, N Z, and some other non- 
nilpotent groups are not involved (see [4]). Of course the present paper gives 
the bound h(G) < 2k(A) in general. If we assume the Fitting factors of G to 
be of pairwise relatively prime order, then we prove h(G) < k(A) (see 
Remark 3.3 below). We also show h(G) < k(A), in general, if A is 
generalized quaternion, dihedral or semidihedral (see Corollary 3.6). 
1. BASIC DEFINITIONS AND RESULTS 
Let BG be a finite group with G A BG. 
DEFINITION 1.1. We say that a sequence of B-invariant subgroups of G 
(Pi), i = l,..., h, is a B-tower of G if the following are satisfied: 
(l) 7L(pi)= {PiI consists of a single prime for i = l,..., h; 
(2) Pi normalizes Pj, for i < j; 
(3) We set P, = P,, and Pi = pi/Cj,(Pi+ ,), i = l,..., h - 1, and Pi is not 
trivial for i = l,..., h; 
(4) ~J~fp~+~, i= l,..., h - 1. 
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h is called the height of the tower. We shall call 
tower. When given a B-tower we will assume the 
given. 
simply a tower any ( 1). 
previous notation is also 
DEFINITION 1.2. We say that a B-tower (pi), i= l,..., h, of G is 
irreducible if the following are satisfied: 
(5) #(#(Pi)) = 1, Q(Pi) c Z(P,) and if pi # 2 exp(P,) =pi for i = l,..., h 
and pi-, centralizes #(Pi), i = 2,..., h (where Q denotes the Frattini subgroup, 
Z the center and exp the exponent); 
(6) P, is elementary Abelian; 
(7) There exists Hi an elementary Abelian subgroup of Pi-, 
normalized by B such that [Hi, Pi] = Pi for i = 2,..., h; 
(8) If Q c Pi for some i, Q is normalized by BP., . . . pi- I and its 
image in Pi is not contained in #(Pi), then Q = Pi. 
DEFINITION 1.3. Given two B-towers (Pi”), i= l,..., h”‘, and (PI”), 
i = I,..., hc2), we say that (Pi’)) is contained in (Pi’)), i = l,..., h”‘, if there 
exists an increasing map 
j-z { l)...) h”’ } -+ { l)...) A’*‘} 
such that Pj’) s Pjf!, for i = 1 L 
h”’ )...) . 
LEMMA 1.4. If (pi), i = l,..., h, is a B-tower it contains an irreducible B- 
tower of equal height. 
Proof: Assume false. Take a counterexample with h minimal. Clearly 
h > 1. We may assume that any B-tower properly contained in (Pi), 
i = l,..., h, has smaller height and G = p, . . . p,,. We need to show (5~(8) in 
this case. We may replace (8) by the weaker 
(8’) Pi/#(Pi) is BP’, ..a pi-,-irreducible, i = l,..., h; 
for if Q is as in (8), by (8’) we get that its image in Pi is Pi and the 
minimality of ($) implies Q = Pi. Now (pi), i = l,..., h - 1, maps onto a B- 
tower of G/C,(P,), minimal of height h - 1. Hence (5~(7) and (8’) are true 
for i = l,..., h - 1. 
Let Q C_ P, be normal in BG, minimal such that CPhm,(Q) # Ph-,. Then 
C,*-,(Q) 5 $(Phpl) (by 8’)) and therefore if h > 2 sincep,-, #phm2 we have 
gA-p-J = CP~~~(P~-,IC~~-,<Q>> (by 5)). Hence by the minimaW 
Weh’have CPImI(@(Ph))=Ph-l and the action of P,- i shows that 
[Gwh)h P/II = p/l and therefore ((P,,) 5 Z(P,). P, _, acts non-trivially on 
R,(P,/Pi) so Pi = #(PJ and (($(P,)) = 1, hence (5) is satisfied. Since P,_ I 
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is completely reducible on PJ@(P,,), BG is irreducible on PJ((P,,) and we 
get (8’). (7) follows from (8’). 
LEMMA 1.5. Let (Pi), i= l,..., h, satisfy conditions (I), (2) and (3) of a 
B-tower, and let f: { l,..., h,} + { l,..., h } be an increasing function. If we set 
Py = ~~rci, we obtain a sequence that satisfies (I), (2) and (3). 
Proof: Clear. 
LEMMA 1.6. Let BG be a jinite group with G n BG and (IBI, ICI) = 1. 
Suppose NE G and N A BG and (FJ, i = l,..., h is a B-tower of G/N. Then 
there is a B-tower (Pi), i = 1 ,..., h, of G which maps to (Fi), i = l,..., h. 
Prooj Assume false. Let G be a counterexample with 1 GI + h minimal. 
Consider pi as a subgroup of G that contains N. Clearly G = P, ..a F,,. Take 
P,, to be a Sylow n(F,JN)-subgroup of lh stable under B. Then by the 
Frattini argument for i = l,..., h we have Pi = yF;.(P,,) . N. Hence (NF(p,,)), 
i= 1 ,..., h - 1, is a B-tower of No(P,) The result follows by 
induction. 
DEFINITION 1.7. We say that a B-tower (pi), i = l,..., h, of G is reduced 
if pi # pj for i #j. 
DEFINITION 1.8. Let G be a finite solvable group. We call the pseudo- 
Fitting height of G the maximum of the heights of the reduced towers of G. 
We denote it by h*(G). 
LEMMA 1.9. Let G be a finite solvable group. Assume B is acting on G 
and (IBl,IGI)= 1. Set h*(G)=/. Then 
(1) Z=max{lnl: 7r=7r(P, .a’ P,) where (Pi) is a B-tower of G}; 
(2) I = max{h: there is a reduced B-tower of height h in G}; 
(3) h(G) = max{h: there is a B-tower of height h in G}; 
(4) I< h(G). 
Prooj In view of Lemma 1.5 it is clear that (1) and (2) are equivalent. 
Furthermore (4) follows from (2) and (3). We prove (2). (3) is proved 
similarly. 
Assume BG is a counterexample to (2) with 1 G I minimal. Let p be a prime 
such that O,(G) # 1 and let (?J, i = I,..., 1, be an irreducible reduced tower 
of G. Consider P, n O,,(G) A P, ... P,. If 8, n O,(G) G #(p,), then 
h*(G/O,(G)) = h*(G) and the result follows by induction and Lemma 1.6. 
Hence P, c O,(G) and therefore if we let H be a B-invariant p’-Hall 
subgroup of G, h*(fI/C,(O,(G))) = I - 1 and Lemma 1.6 gives the result. 
4X1/86/2-19 
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2. REPRESENTATION THEORY 
In this section we prove a single theorem which deals with the four 
different cases needed in the following section. 
THEOREM 2.1. Let B # 1 be a cyclic r-group for some prime r. Let 
A = a,(B). Suppose GA BG, r,j] G] and P c G, PA BG is a p-group (p a 
prime) such that 
(1) ev>> = 1; 
(2) d(P) E Z(P); 
(3) Ifp # 2 exp(P) =p. 
Let k be a field such that char(k)ljrp. Let M be a kBG-module. Set 
P, = n ker M, where M ranges through the irreducible P-submodules M of 
M], such that [A, P] is not trivial on M. Assume P # P,. Let 0 be a BG- 
stable subset of M” (the dual of M) which linearly spans M*. We set 
M,={vEM:foreveryfER\C,(A)f(v)=O}. 
Let T c C,(B) n C&(P)) be a t-subgroup (t a prime) and assume that 
one of the following is satisfied: 
(A) Tc P and if 4(P) # 1 there is H an h-subgroup (h a prime) such 
that HE C,@(P)), B normalizes H, H/C,,(P) is elementary Abelian and 
[H,P]=P. Weset T,=P,fIT. 
(B) A = B, T is a cyclic, t #p [A, P] = P and ] T/C,(P/P,)J > 2. We 
set T,, = C,(P/P,). 
(C) A = B, t fp, [A, P] = P; for every P-submodule N # 0 of MI,, 
[A, Z(P)] is not trivial on N. We set T,, = C,(P/P,). 
(D) A = B, AT centralizes #(P/P,), T, = C,(P/P,), T/T,, is an non- 
trivial elementary Abelian 2-group, p # 2, [A, P] = P and there exists 
T, c C,(A) a t,-group (t, a prime) such that T, g C,(C,(A)/C,JA))n 
N,(T) and we have [T, , T] T, = T. 
Conclusion: Then C,(B) @ M, and T,, 2 C,(C,,,(B)/C,O(B)). 
Proof Suppose the theorem is false. If K 2 k is an extension field of k, 
P, is the same for M or for K&M. Hence we may assume that k is a 
splitting field for all subgroups of BG. Take a counterexample to the theorem 
with 1 BG( + dim, M minimal. If H is not given in the hypothesis set H = 1. 
If T, is not given set T, = 1. Furthermore we may assume T= 
C,(C,(B)/C,o(B)) unless (B) is satisfied and 1 T: C,(C,,,,(B)/C,O(B))] = 2 (in 
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case (D) since T, z C,(A) it normalizes M, and C,(C,(A)/CMO(A)) and so 
T can be replaced by C,(C,(A)/C,&4))). 
Step 1. G = T, THP, M is kBG-irreducible and BG is faithful on M. If 
(A) is not satisfied we have P, = 1. 
Proof: It is clear that G = T, THP. 
Since PLI BG and MI, is completely reducible, BG permutes the 
homogeneous components K, ,..., K, of MI, and for each Ki there is a kBG- 
irreducible submodule 44, E M such that M, n Ki # 0. From this it follows 
that M is irreducible. 
Clearly BG is faithful on M. If [A, P] = P we have P, = 1. This concludes 
step 1. 
Step 2. Let G, g G be B-stable and let M, c M be an irreducible BG,- 
submodule of M. Assume that C,(C,(B)/CMo(B)) g G, and that either 
T= To or CAC,WG,,W ac t s non-trivially on M,. Then if C c G, n P, 
CA BG, and C/Cn ker M, is a non-trivial Abelian group, we have 
C,(A) SL ker M,. 
ProoJ: Assume false. Then C,(A) E ker M,. Let C be the image of C in 
G, = G,/ker M, n G, and use the barr convention. 
We now show that M, nM, = 0. If not there is fE C,(A) such that 
f(M, n M,) # 0. Since M, lc. does not contain the trivial representation we 
have 
If c6Z C&J,,) we have a c -‘--‘aF&C,(flM,)AAC for any aEA#. So 
@fl,, # F&, and we have 
But ) C&J,,)l is invertible in k, so fl,, is the restriction to M, of a linear 
combination of elements of R\C,(A). Hence M, n M, = 0. 
Now since (lAI,IGI)=l, M,l,, splits into IBI distinct homogeneous 
components. We have C,,(B) # 0, so that Tf To. Hence C,(C,(B)/C,JB)) 
acts non-trivially on some homogeneous component of M, JG,, so that it acts 
non-trivially on C,,(B), a contradiction. This completes step 2. 
Step 3. Neither (A) nor (C) is satisfied. AT, T is irreducible on P/P’ 
and P is an extraspecial group with Z(P) E Z(AG). 
Proof. We know that d(P) c Z(PH) and T, T c C,(A). Hence 
[A, 4(P)] n BC,(A) PH = BG, and by step 2 we have [A, 4(P)] = 1. Now by 
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step 1 and (D) we get 4(P) c Z(AG). Now P is the central product of [A, PI 
and C,(A). 
We next prove that g(P) s Z(BG). If not then (A) is satisfied and B f A. 
Let r be the inertia group of an irreducible of M],(,,. We have rl AG and 
therefore rn BG. Ml, = M, @ ... @ M,, where s > 1 and Mi are the 4(P)- 
homogeneous components and each Mj is r-irreducible. We may assume that 
either T = T,, or T g ker Z for some P-irreducible submodule Z of M, such 
that [A, P] is not trivial on I. By induction and the fact that char(k))] TI, we 
may choose V, E C,,(Bnr) and f E fi\C,(A) withf(v,) # 0 and if Tf To 
for some r E T, rui = AU, with 1 E k, A # 1. Let b be a generator of B. Then 
set ui = b’- ‘u, and u = Ci=, ui. Then u E C,(B) and if T # To for some 
r E T, tv = Au. Therefore for every x E C,(A), (xf)(v) = 0. Let & be the 
irreducible character of q%(P) corresponding to Mi. We have for every 
x E w>, 
j-(x-‘U) = k ~i(x-‘)f(ui) = 0. 
ikl 
Since the li are linearly independent we get f(v)) = 0 for all i, a 
contradiction. Hence d(P) c Z(BG). 
Assume next that (A) is satisfied. Take M, g M an irreducible BP-module 
such that [A, P] is not trivial on M, and if T # To, T is also not trivial on 
M, . Let P= P/P n ker M, and use the barr convention. Now P is the central 
product of [B, P] and C,(B), by the previous paragraph, so M, IcpcBr is 
homogeneous. Since T c C,(B) and C,,(B)/CMI(B) n M, is a-C,(B)-module 
we have C,,(B) c M,,. Set P, = [A, P]. We have [A, Z(P,)] n BP and 
therefore by step 2 we have [A, Z(p,)] = 1. Hence p, is not Abelian and 
Ei = d(F) of order p. Furthermore Z(p,) = d(F) since [A, P,] = P,. Hence 
P, is extraspecial. 
We now show that C,,(B) # 0. Suppose C,,(B) = 0. Since $(P) is faithful 
on 44, we have F/Z(P) N P/Z(P). Write IV= P/Z(P); N, together with the 
commutator map, is a non-singular symplectic vector space on which BH 
acts. By Hall and Higman [ 11, we know that [A, N] is B-irreducible and 
IBJ = ][A, N]] ‘I2 + 1. Suppose [A, H, N] # 1, then it is a BH module which 
must be absolutely irreducible. Hence dim(Ct,,,,,l(B)) = 1, which is not an 
even number and we get a contradiction. Hence A centralizes H/C,(N), and 
N, := [A, N] is a BH-module. If B acts trivially on H/C,(N,) we get h] IBJ, 
a contradiction. Hence A # B and either ] B ] = 9 and p = 2 or B is a 2-group, 
p is a Mersenne prime and IN, ] =p*. In the first case consider N, IAH, which 
can’t be irreducible and therefore splits into three homogeneous components. 
We get hi 3 = 4 - 1, a contradiction. Hence we are in the second case. If 
IBI = 4, BH/ker N, c X(2, 3), a contradiction. Hence IBI > 4 and since 
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dim N, = 2, 4 1 ( C,(H/C,(N,))]. Clearly N, ]C,,(H,CdN,u is not irreducible and 
therefore 4 1 p - 1, a contradiction. This concludes the proof that C,,(B) # 0. 
LetfE 0 be non-trivial on C,,(B). Then since C,,(B) c M,, A centralizes 
J: Defile CT(f) =_{ y E p,: y&, = A&,, for some J, E k}. Now if b E B#, 
Lb, I: P,IW,) -+ W(6) is injective, C_*(f) is Abelian (for only 1 E #,) 
has 1 as an eigenva&e) and I C*(f)/#(P,) <p”, where \P, ] =p*“+‘. Hence, 
with N = C*(f)/d(P,), 
VI-l)(lNl- I>+ lQ~“(p”- l)+ 1 <p*” 
implies that we can choose x0 E P, such that for every b E B#, 
[b, xc,] @G C*(f). N ow if a E A and ax,f= x,S, we get [a, x0] E C*(f) and 
therefore a = 1. Hence bx,f@ C,(A) for any b E B. Consider CbeB bx,f, 
which is B-invariant. If Eb.B bxof) Wd f 0, then (CbEB bx,f) 
(C,,,,(B)) # 0 and so for some b E B u E C,,(B) we have (bx,f)(v) # 0, 
which contradicts the fact that C,,(B) E M,. Hence 
or 
flw, = - c x, ’ bx,fl,l. 
beB# 
If a EA, b E B# and ax;’ bx,f=x;’ bx,f, then [a, [b,x,]] E C*(f), and 
since [b, x0] 6$ C*(f) by the choice of x0, and C*(f) is normalized by A, we 
get a = 1. Hence if b E B#, x0’ bx,f@ C,(A) and we get a contradiction. 
This proves the theorem if (A) is satisfied. 
If (C) is satisfied [A, Z(P)] A BPC,(A)= BG. So by step 2 we have 
[A, Z(P)] = 1, a contradiction. So (C) is not satisfied. 
Since P/$(P)],, is completely reducible we may find P, such that $(P) c 
PI s pv PI/W) is an irreducible AT, T-module, T is not trivial on P,/#(P) 
and IWWW)I > 2 if PI is satisfied. Now [A, P,] covers P,/@(P) and is 
normalized by AT, T so that the hypothesis of the theorem is satisfied and 
since the conclusion is not satisfied we get [A, P,] = P and so P/$(P) is 
A T, T-irreducible. 
Now if Z(P)X~(P) we get Z(P) = P = [A, P] and this by step 2 is a 
contradiction. So &P) = Z(P). Since I@(P)1 =p we get P’ = Z(P) = 4(P) and 
P is extraspecial. This concludes step 3. 
Step 4. Let M, be an irreducible ATP-submodule of M. Write T2 = 
C,(C,(A)/M,). Then one of the following is satisfied: 
(4 L G&)1 = G&Q + 0; 
(b) dim,( [ T,, C,,(A)]) > 2 and M, Ip is irreducible; 
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(c) / TI = 3, M, lp is irreducible, dim,(C,,(A)) = 2 and 
dim,([T,, C,,(A)])= 1; 
(d) T is cyclic, 1 T/T,, 1 = 4, M, lp is irreducible and 
dim,(lT,, C,,(A)I) > 1. 
ProoJ: Suppose first that T,, is not trivial on M,. Since T,, = C,(P) n 
A TP, M, is irreducible and T, 1 T,, we have that (I TI, char(k)) = 1 and 
IT,, C,,(A)1 = C,,(A). N ow since T/T,, is not trivial and TC C,(#(P)) we 
have dim,(CMI(A)) > 1 (see, for example, [4]). So we have (a). 
Suppose now that T,, is trivial on M,. Since (!ATl, IPI) = 1 and AT/T,, is 
Abelian, M, Ip is irreducible. 
In case AT/T0 is cyclic M, IAT contains the quotient of the regular AT/T, 
representation by a submodule of dimension at most 1. If AT/T,, is not cylcic 
we obtain M, IAT by a certain tensor product of representations as above. 
Since in this case IA I > 2 and char(k) 1, each irreducible M-character is 
the tensor product of two characters in at least three different ways (counting 
the order), which implies that M, larlT, contains the regular AT/T, represen- 
tation. 
If T/T, is cyclic of order 4 and T, # T we get from the above 
dim,([T,, C,,(A)]) 2 1, so we get (d). If not, then T = T, and since 
IVol> 3 
dim,([T, C,,,,(A)]) >I T/T,1 - 2. > 1. 
This gives (b) unless ) T/T,1 = 3 (and hence M, = M and T, = l), M, IA r,7, 
does not contain the regular AT/T, representation and dim, (C,,,,(A)) = 2. 
But this second possibility is condition (c). This concludes step 4. 
Step 5. We have the theorem. 
ProojI Take M, an irreducible A TP-submodule of M. By step 4, 
[T,, CMI(A)] # 0. Since R spans M* there is fE 0 such that 
f([T2, C,,(A)]) f 0. Now [T,, C,+,,(A)] GM, and sofE C,(A). 
Suppose x E P\C,(J)P’. Then if a E A and axf =xf we have 
a-lx-‘ax E C,(f) and since IAl is prime and [A, P] = P we get a = 1. So 
xf@ C,(A). 
Let m = (I P/C,(f)P’ I - l)/IA I and x, ,..., x, E P be representatives for the 
regular orbits of A on P/C,(f)P’. Let 
i= l,..., m. 
Suppose first that the Pi,..., F, are linearly dependent. Say Cr=, L,F, = 0 
with Ai # 0, li E k. We have, since xi E P normalizes M,, 
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( ft: Ai Jf x;’ axif =O, i=l (IEA )I Ml 
or 
A,f+l, x;’ axif 
)I 
= 0. 
ocA# i=Z l7EA MI 
Now if a EA#, x;’ ax,a-’ E P\C,Gf)P’ and if a EA and if 1, 
x;’ axis-’ E P\C,(f)P’, so restricting the previous equation to M, n M,, 
since 1, # 0, we get f (M, nM,, = 0, a contradiction. 
So F, ,..., F, are linearly independent. Since F, ,..., F, are centralized by A, 
Fi(av - u) = 0 for any u E M, . 
So ny! r ker Fi 2 [A, M,]. Since M, = C,,(A) @ [A, M,] this means that the 
restriction of F, ,..., 
Since axis- ’ 
F, to C,,(A) is again linearly independent. 
E P\C,(f)P’, the restriction of each F, ,..., F, to M, n M, is 
trivial. So 
dim&# j/M, n MO) > m. 
We know m > 0, so that (a) of step 4 is not satisfied. Hence by step 4, 
M, lp is irreducible. Therefore, since [A, P] = P, 
dim,(C,,(A)) < $$ + 1, 
with p” = 1 P/P’ 1 I/‘. 
Since C,(f)n P’ = 1, we have m > (p” - 1)//A). 
Hence 
p”- 1 
dim,(M, n M,) < dim,(C,,(A)) - m < ~ 
IAl 
+1-J- T= 1, 
with equality only if m = (p” - l)/] A I. H ence (b) of step 4 is not satisfied 
and m = (p” - l)/]A]. If IAl # 2, since at this point T, = 1, by step 3 AT is 
irreducible on P/P’ and we have IAljp” + 1 and IAl$p”- 1, a 
contradiction. So IA ] = 2 and (d) is not satisfied. Hence (c) is satisfied. 
Now I C,(f )I = P” and so the dual of M,IAP is just induced from (f) 
considered as an AC,(f )P’-module. Hence 
dim,(C,,(A)) = $f- + 1 2 $j-f- + 1 = 3. 
This contradicts (c) of step 4 and concludes the proof of the theorem. 
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3. APPLICATIONS 
THEOREM 3.1. Let A be a group of prime order acting on a group G 
with (IA 1, 1 GI) = 1. Let (Pi), i = l,..., h, be a A-tower and assume that A 
centralizes p, (possibly with k = 0 and P, = 1). Then there exists a j > k 
such that (CpJA)), i = l,..., j - 1, j_+ l,..., h, satisfies conditions (1) (2) (3) 
of the definition of A-tower. If 2,4’P,I we may take j > k. 
ProoJ Only (3) needs to be verified. By Lemma 1.4 we may assume that 
(ji)i=l,...,h is irreducible. Let Ci = Cp,(A) and Mi = PiId( i = I,..., h. 
Define, for i = I,..., h - 1, fii = {f E MT : there exists an irreducible 
submodule N of Mi+i IPi such th_at (ker N) #(Pi)/@(Pi)#~ ker f }. Take 
Ll,=M,*. Clearly Qi is AP, ..a Pi- ,-invariant and (Pi),=, ,,.,, h being 
irreducible implies that Gi linearly spans MT. We may assume that A does 
not act trivially on P,, , , so by the definition of irreducible we have 
p, . ..P.cC,(A) and [A,pk+,] =pk+,. 
Define, for i = k + l,..., h - 1, Ki to be the intersection of the kernels of 
the irreducible submodules of Mi+ I IP, on which [A, Pi] is not trivial. Define 
Li to be the intersection of the kernels of all f E Ri which are not centralized 
by A. Then, for i = k + l,..., h - 1, if x E Ki and f E fii is such that 
f (x#(Pi)) # 0 and af # f a E A, there is an irreducible submodule N of 
Mi+, IPi such that kerf 1 (ker N) #(Pi)/#(Pi) and hence [A, Pi] is not trivial 
on N and x E ker N, a contradiction. So Ki4(Pi)/#(Pi) s Li. On the other 
hand it is clear that Li z CMi(A). 
For h > i > k, by Theorem 2.1(A), 
C,i(C,tti+,(A)/Li+,) g Ki and C,i+,(A)~Li+,* (*I 
Since Ci+ i/Ci+i n Ki+, covers CMi+,(A)/Li+,, this implies that k > 0. If 
GkG,k+lW/L~+~) # 6, we have that the image of C~I(C,~+L(A)/L,+ J in 
P, is contained in #(P,J, so that we may take j = k + 1. Hence P, centralizes 
cMk+J4/Lk+2 (* *), which by Theorem 2.1(B) implies that P, is an 
elementary Abelian 2-group. Now [A, Z(Pk+ i)] A AP, ... P,, , , so that if it 
acts non-trivially on M, + z the same is true for any non-zero Pk+ ,-submodule 
of Mic+l, and hence we get a contradiction by Theorem 2.1 (C). Therefore A 
centralizes Z(Pk+l). Now since Kk+, = 1, by (*), we have k > 1. If 
Cfk-,(CPk+,(A)) # pkPl, then its image in Pk-, is contained in ((Pk-,) and 
setting j = k we obtain a contradiction. Hence Pk-, centralizes C,k+I(A). On 
the other hand Qj(Pk+l) c Z(Pk+ ,) c Cpx+,(A) and [pk-, , Pk] = P,, so that 
Theorem 2.1(D) contradicts (* *). This concludes the proof of the Theorem. 
COROLLARY 3.2. Let AG be solvable and assume GA AG and 
(IA I) IGI) = 1. Then h(G) < 2k(A) + h(C,(A)) and h*(G) < k(A) + 
h*(G(A)). 
FI'ITING HEIGHTS 565 
Remark 3.3. Recall h* is the pseudo-Fitting height and is defined in 
Definition 1.8. If G has its Fitting factors of relatively prime order then 
h*(G)= h(G). By Lemma 1.9, we get in this case h(G)< k(A) + 
h*(C,(A)) G 44) + h(C,(A)). 
Proof of 3.2. Let G be a minimal counterexample and let B AA be such 
that IA/B) is a prime. Then by induction h(G) < 2k(B) + h(C,(B)) and 
h*(G) < k(B) + h*(C,(B)). Now A/B acts on C,(B). By Lemma 1.9, we 
take an irreducible A/B-tower of Co(B) of height h(C,(B)). By Theorem 3.1 
we get h(C,(B)) < h(C,(A)) + 2. Similarly we can take an irreducible 
reduced A/B-tower of height h*(C,(B)) and Theorem 3.1 now tells us that 
h*(C,(B)) < h*(C,(A)) t 1. Hence h(G) < 2k(A) t h(C,(A)) and h*(G) < 
k(A) t h*(C,(A)) as desired. 
COROLLARY 3.4. Let A act fixed point freely on G, with AG solvable 
and (IA 1, 1 GI) = 1. Then h(G) < 2k(A) and h*(G) < k(A). 
Proof Clear. 
THEOREM 3.5. Let BAA, [A/B/ a prime, and B a cyclic p-group. 
Assume that A acts ftxed point freely on G (a solvable group) with 
(2lA(, IGI)= 1. Then h(G)<k(A). 
Proof Let AG be a counterexample with A of minimum order. Take an 
irreducible A-tower of G of height h = h(G) (Pi), i = I,..., h. We may assume 
that P, is elementary Abelian and by the Fong-Swan theorem that 
(IA@, ... PhmIl, IphI)= 1. Let C be th e subgroup of prime order of B. If C 
centralizes P, _ 2 then P, . . . p h-2 g C,(C) because the A-tower is irreducible 
and, by Theorem 3.1, h(C,(C)) > h - 1 and (A/C)C,(C) is a counterex- 
ample to the Theorem. Hence C is not trivial on P,-, and by 
Theorem 2.1(A), used as in Theorem 3.1, we obtain h(C,(B)) > 2. Since A/B 
acts fixed point freely on Co(B) and has prime order this is a contradiction 
and completes the proof. 
COROLLARY 3.6. Assume D is dihedral, semidihedral or generalized 
quaternion and D acts fixed point freely on a (solvable) group G. Then 
h(G) < k(D). 
Proof Clear from Theorem 3.5. 
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